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(yQ ■ Abstract. We give a detailed description of a dynamical system which enjoys a Poisson- 

\ Lie symmetry with two non-isomorphic dual groups. The system is obtained by taking 

■ the q — > oo limit of the g-deformed WZW model and the understanding of its symmetry 

' structure results in uncovering an interesting duality of its exchange relations. 
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1 Introduction 



Poisson-Lie symmetry of a dynamical system is a generalization of the standard concept of 
the Hamiltonian symmetry. Poisson-Lie symmetric dynamical system possess a distinguished 
subalgebra of observables which is isomorphic to the Poisson algebra of functions on the so- 
called affine Poisson group. Given an affine Poisson group, it is not difficult to construct 
a Poisson-Lie symmetric dynamical system, by using the theory of Heisenberg doubles or, in 
other terminology, symplectic grupoids [Sj. However, it is certainly more interesting to discover 
a Poisson-Lie symmetry in a model which was proposed or studied for reasons independent from 
the symmetry considerations. This is what exactly happened when we have studied a e — > oo 
limit of the e-deformed WZW model. The Poisson-Lie symmetry, which we have discovered 
in the limit, appears in turn to be a very useful structure for the quantitative analysis of the 
model. In particular, we shall see that it permits to identify a remarkable duality of the exchange 
OO , relations of the theory. 

This paper is a short review of the original research article [6] and it is written with the 
goal to streamline the presentation by omitting various technical details. Its plan is as follows: 
first we give a compact introduction to the concepts of the affine Poisson group and of the 
Poisson-Lie symmetry and then we describe the Poisson-Lie symmetry of the e-deformed WZW 
model for finite e. In the subsequent Section 4, we identify the Poisson-Lie symmetry of the 
e — > oo limit of the e-deformed WZW model and, finally, the Section 5 will be devoted to the 
duality of the exchange relations. 



2 Poisson-Lie symmetry 

Let TIb denote a Poisson bivector on a Lie group manifold B. As it is well-known [H \TU\ [2], 
Hb gives rise to the Lie algebra structure on the space ^(B) consisting of smooth 1-form 
fields on B: 

{xdy, udv}^ B ) = xud{y, v} B + x{y, u} B dv + u{x, v} B dy, 

where x, y, u, v are smooth functions on B and {y,v}s = ^B(dy,dv). 

*This paper is a contribution to the Proceedings of the Seventh International Conference "Symmetry in 
Nonlinear Mathematical Physics" (June 24-30, 2007, Kyiv, Ukraine). The full collection is available at 
|http: / /www.emis.de/journals / SIGMA /symmetry2007.html | 
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If, at the same time, the spaces of right and left invariant 1-form fields are respectively Lie 
subalgebras Ql and Qp of the Lie algebra (Q 1 (-B) , {•, -}n), we say that B is equipped with an 
affine Poisson structure IL3 [2|. 

A dynamical system is a triple (P, Up,H), where n is a non-degenerate bivector field on 
a manifold P and H is a distinguished function on P called the Hamiltonian. 

Poisson-Lie symmetry of a dynamical system (P, Up, H) is any smooth map \i from (P, Up) 
into an affine Poisson group (B,Ub) such that: 

1) the //-pull-backs of any x, y € Fun (B) satisfy 

{^*x,fi*y} P = fi*{x,y} B ; 

2) for any x £ Fun (P) it exists y G Fun (I?) fulfilling 
{P,/i*x}p = //y 

The map fi is often called a moment map and it induces at the same time the actions of both 
Lie algebras Ql and Qp on P. Indeed, to any A £ Ql it corresponds the vector field Hp(-,/i*\) 
acting on functions on P and to any p £ Qp it corresponds Ilp(-,/x*p). The Lie algebras Ql 
and are then interpreted as the symmetry algebras of the dynamical system. 

A Poisson-Lie symmetry is called equivariant if the affine Poisson bivector Up vanishes at 
the unit element e B of the group B. If the symmetry is equivariant then Lie algebra Ql is 
necessarily isomorphic to the Lie algebra Qp. However, even in this case the Ql action on P 
need not to coincide with the Qp action. Non-equivariant symmetry is called anomalous. In the 
presence of the anomaly, Ql need not be even isomorphic to Qp. 

3 £-deformed WZW model 

Let G be a connected and simply connected simple compact Lie group, G c its complexification 
and LG C the group of loops, i.e. the group of smooth maps from a circle S l into G c . Let B 
be a subgroup of LG C containing only the loops which are boundary values of holomorphic 
maps H(z) from the southern Riemann hemisphere into the complex group G c . Moreover, 
it is required that the value of the H(z) at the south pole z = lies in the subgroup AN 
of G c . (Remind that AN is the subgroup of G c determined by the Iwasawa decomposition 
G c = GAN.) Set 

where f stands for the standard Hermitian conjugation. In [TT], Reshetikhin and Semenov-Tian- 
Shansky have introduced the following affine Poisson structure on B: 

{L(a) f L(a')} B = (L(a) ® L(a'))er(a - a') - (1 <g> L(a'))ef(a - a' + 2me){L{a) <g> 1) 

+ er(a - (J f )(L(a) L(a')) - (L(a) l)ef(a - a' - 2me){l L{a')). (1) 

Here e is the deformation parameter and 
f(a - a') = r + C cotg^(cr - a'), 

.1 |2 

r = Y^ l -^-(E~ a ®E a -E a ® E~ a ), 

I |2 

C = J2 H * ® Hfi + -^~( E ~ a ®E a + E a ® E~ a ). 
Our conventions for the normalisations of the standard step generators E a can be found in [6] . 
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Reshetikhin and Semenov-Tian-Shansky have interpreted the affine Poisson structure ([T|) as 
the e-deformed current algebra since in the limit e — ► it reduces to the standard Kac— Moody 
current algebra. It is well-known that the Kac-Moody algebra underlies the symmetry structure 
of the so-called chiral WZW model [1] which is a very important dynamical system from the 
point of view of the conformal field theory. Motivated by this fact, Lukyanov and Shatashvili [9] 
have formulated the following problem: Is there a dynamical system which would be Poisson-Lie 
symmetric with respect to the affine Poisson structure ([I]) and would reduce to the standard 
chiral WZW model in the limit e — > 0? The affirmative answer to this question was given in [5] 
and it goes along the following lines: 

The space Fun (P) of the observables of the e-deformed WZW model is Fun (P) = Fun (LG) ® 
Fun w (T), where Fun w (T) is the space of Weyl invariant functions on the Cartan torus T C G. 
The non-degenerate Poisson structure on P is determined by the following Poisson brackets 

{t ® k(a)}p = (t ® k(a))(H» ® H"), {t f t} P = 0, 

{k{a) ® k(a')} P = (k(a) ® k(a'))r e (t, a - a') - er(a - a')(k(a) ® k(a')), (2) 
where r e (t,a) is the well-known Felder elliptic dynamical r-matrix [3J: 

f e (t, a) = ep (|-, ie) H» ® H» + e ]T ^a_ e{aMt) (|-, ie) S« ® iT ". 

The moment map /i e : P — » -B, that realizes the Poisson-Lie symmetry of the e-deformed WZW 
model, is then given by a compact formula 

lie(k(a),t) = Iw e (k(a)t- i£ ). 

Here the Iwasawa map Iw e : LG C —> B is uniquely characterized by the property that for every 
1(a) e LG C it exists m(a — ie) € LG such that l~ l Iw e (l) = m(a). 

In [5], it was proven the existence of a function H e on the phase space P which gives the 
standard chiral WZW Hamiltonian in the limit e — > and fulfils the condition 2) of the definition 
of the Poisson-Lie symmetry above. We take the function H £ as the Hamiltonian of the e- 
deformed WZW model, knowing that its explicit form in variables k(a) and t is not available. 

4 The limit e —> oo 

The e — > oo limit of the e-deformed current algebra ([T]) reads 

{L(a) f L(a')}oo = (L{a) ® L(a'))r(a - a') + r> - ® L(a')) 

- (L(o-) ® l)(r + iC)(l ® L((t')) - (1 ® i(<7'))(^ " *C?)(-^(ff) ® !)■ ( 3 ) 

It turns out that equation ([3]) defines an affine Poisson structure on the group B, which is 
qualitatively different from ([1]). Indeed, for finite e, the Lie algebras Ql and Qr associated to 
the affine Poisson structure ([I]) turn out to be isomorphic to each other and also to Lie(LG). 
However, in the limit e — > oo, Ql is still isomorphic to Lie (LG) but Qr is isomorphic to the 
Lie algebra of another group which we denote as B. In fact, B turns out to be the subgroup 
of LG C containing only the loops which are boundary values of holomorphic maps H(z) from 
the northern Riemann hemisphere into the complex group G c . Moreover, it is required that the 
value of H at the north pole z = oo lies in the subgroup G of G c . 
The e — ► oo limit of the exchange relations (|2|) reads 

{e a ? Ha)}^ = -i(e a ® k(a))(H» ® H»), {a ? a}^ = 0, 

{k{a) f *(</)}«, = (A:(<r) ® A:(a / ))f 00 (a, a - a') - f(a - a')(k(a) ® fc(a')), (4) 
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where a parametrizes the Weyl chamber A in Lie (T) and 

•I |2 / 

roo(a, a-a') = Y^ ^y- coth(a{a))E~ a ® E a + C cotg^-^. 

Q 

There exists a Riemann-Hilbert map RH : LG C — > P that is characterized by the property 
l~ 1 RH(l) € P for a Z € LG C . It turns out that the limiting Poisson brackets (J4j) do not define 
an everywhere non-degenerate Poisson bivector IIoo on the manifold LG x A. However, the 
domain of definition of the map RH(k(a)e a ) is a dense open submanifold of LG x A on which 
IIoo is non-degenerate. We denote this domain of definition as Poo. The Hamiltonian Poo is the 
e — > oo limit of H £ . 

The moment map /^oo : Px, — > P that realizes the Poisson-Lie symmetry of the e — > oo limit 
of the e-deformed WZW model (Poo, n^, H^) is then given by 

fi OD (k(a),a)=RH(k(a)e a ). 

It can be shown that Poo fulfils the condition 2) of the definition of the Poisson-Lie symmetry 
in Section 2. Actually, the time evolution determined by the Hamiltonian Poo is given by a very 
simple formula 

fe(cr) — > k{a — r), a — > a. 



5 Duality 

From the general theory of Poisson-Lie symmetry presented in Section 2, we know that both 
symmetry Lie algebras Ql = Lie (LG) and Qr = Lie(P) act on the phase space Poo of the 
e — > oo limit of the e-deformed WZW model. Indeed, to any A £ Ql it corresponds the vector 
field n oo (-,/i co A) and to any p € Or it corresponds n oo (-, /x^p). A calculation shows that 
the Qi action is just the infinitesimal version of the action of LG on itself: 

h{a) >k(a) = h(a)k(a), h(a),k(a) £ LG, (5) 

but the formula for the action of Qr turns out to be cumbersome and not very illuminating. To 
make this formula more friendly and transparent, we shall parametrize the phase space in 
terms of the group elements k(a) £ B in such a way the Qr action will be just the infinitesimal 
version of the action of B on itself: 

h(a) > k(a) = h(a)k(a), h(a),k(a) E B. (6) 

It turns out that the following simple "coordinate" transformation on P^ does the job: 

k- 1 ^) = e~ a A;(a)~ 1 J RPr(A;( ( j)e a ), a = -a. (7) 

This relation between the old description of the phase space Pqq in terms of (a, k(a) € LG) 
and the new description in terms of (a, k(a) € B) entails more advantages than just the elegant 
descriptions (|5|) and © of the both Ql and Qr symmetry actions on the phase space. In fact, 
it permits also to characterize P^ not just as the domain of definition of the Riemann-Hilbert 
map but directly as Poo = B x A, which means that the infinitesimal Lie (B) action can be lifted 
to the global B action ©. 

The fundamental exchange relations, that characterize the Poisson algebra Fun (Poo), can 
be written either in terms of the variables (a, k(a) E LG) or in terms of the dual variables 
(5,fc(<7)) E5): 

{k(a) f A;(a')}oo = (k(a) (8) k(a , ))f t 0O (a 1 a - a') - f(a - a')(k(a) k(a')), 

~{K(a) ® i^aOloc = (K(a) ® K^r^i-a, a - a') - f(a - a')(K(a) K{a')). (8) 
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Here K (<r) = k(a)e a . The resemblance of the formulae and ([8]) is remarkable, since it is just 
the existence of the dual description of which follows from the general theory of Poisson- 
Lie symmetry, but not the invariance of the form of the exchange relations under the duality 
transformation ([7|). We interpret this form invariance as the Ql *-> Gr duality of the chiral 
e — > oo WZW model. 



6 Conclusions 

The e — > oo limit of the e-deformed WZW model is a dynamical system in which we have 
discovered the Poisson-Lie symmetry with two non-isomorphic symmetry groups Gl = LG and 
Gr ; = B. In particular, the appearance of the group B in the story is interesting because for 
the finite e WZW model (including the standard case e = 0) it holds Gl = Gr = LG. Thus, in 
a sense, we may say that the symmetry pattern of the e — ► oo WZW model is richer and more 
intriguing than that of its finite e counterpart. The presence of the new symmetry group B 
turned out to be very useful for the description of the phase space of the limiting model but also 
for uncovering the interesting duality of the exchange relations (J3J) and ([8]). We believe that this 
duality is one of two circumstances which should facilitate the program of quantizing the model. 
The other one is the remarkable fact, that in the e — > oo limit the elliptic exchange relations (J2]) 
simplify to the trigonometric relations (j3|). 
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